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Computation of 2-groups of positive 
classes of exceptional number fields* 

Jean-Frangois Jaulent, Sebastian Pauli, 
Michael E. Pohst & Florence Soriano-Gafiuk 



^ . Abstract. We present an algorithm for computing the 2-group Cip"" of the posi- 

^ ' tive divisor classes in case the number field F has exceptional dyadic places. As an 

application, we compute the 2-rank of the wild kernel WK2{F) in K2{F). 



Resume. Nous developpons un algorithme pour determiner le 2-groupe Clp"" des 
classes positives dans le cas oil le corps de nombres considere F possede des places 
paires exceptionelles. Cela donne en particulier le 2-rang du noyau sauvage WK2{F). 



^ ' 1 Introduction 

The logarithmic £-class group Clp whas introduced in fTU] by J.-F. Jaulent who 
used it to study the ^-part WK2{F) of the wild kernel in number fields: if F 
contains a primitive 21* -ih root of unity > 0), there is a natural isomorphism 

> ; ®z cip ^ wk2{f)/wk2{fY\ 

■ so the ^-rank of WK2{F) coincides with the ^-rank of the logarithmic group 

, dp- An algorithm for computing C^F for Galois extensions F was developed 

in [4] and later generalized and improved for arbitrary number fields in [3] . 
In case the prime ^ is odd, the assumption fig C F may be easily passed if one 
I considers the cyclotomic extension F{^g) and gets back to F via the so-called 

00 ■ transfer (see [E], [IS] and [U]). However for £ = 2 the connection between sym- 

bols and logarithmic classes is more intricate: in the non-exceptional situation 

(i.e. when the cyclotomic Z2-extension F"^ contains the fourth root of unity i) 
• ■ — ~' 
^> , the 2-rank of WK2{F) still coincides with the 2-rank of Cip. Even more if the 

}_( ' number field F has no exceptional dyadic place {i.e. if one has i e F^ for any 

F^. ! q|2), the same result holds if one replace the ordinary logarithmic class group 

dp by a narrow version Cip^'^. The algorithmic aspect of this is treated in [TT] . 

Last in j.l3j the authors pass the difficulty in the remaining case by intro- 
ducing a new 2-class groups C£p°^ , the 2-group of positive divisor classes, which 



satisfies the rank identity: rk2 C£^°* = rk2 WK2 (F) 



F 



In this paper we develop an algorithm for computing both Clp and Clp 
in case the number field F does contain exceptional dyadic places. 

We conclude with several examples. Combining our algorithm with the work 
of Belabas and Gangl [T] on the computation of the tame kernel of K2 we obtain 
the complete structure of the wild kernel in some cases. 

* Version de travail du 03 decembre 2007 
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2 Positive divisor classes of degree zero 

2.1 The group of logarithmic divisor classes of degree zero 

Throughout this paper the prime number t equals 2 and we let i be a primitive 
fourth root of unity. Let be a number field of degree rt = r + 2c. According 
to [5], for every place p of F there exists a 2-adic valuation Vp which is related 
to the wild 2-symbol in case the cyclotomic Z2-extension of Fp contains i. The 
degree degp of p is a 2-adic integer such that the image of the map Log | |p is the 
Z2-module deg(p) Z2 (see [IH])- (By Log we mean the usual 2-adic logarithm.) 
The construction of the 2-adic logarithmic valuations Vp yields 

Vae7^F:=Z2®zF^ : ^ Wp(a)deg(p) = 0, (1) 

where Pip denotes the set of finite places of the number field F. Setting 

div(a) ^ Wp(a)p 

we obtain by Z2-linearity: 

deg(di^(a)) ^ 0. (2) 

We define the 2- group of logarithmic divisors of degree as the kernel of the 
degree map deg in the direct sum T>lp = X^pepjo ^2 p: 

T^^F ■■= {EpePiji Opp G Vip I Epepio deg(p) = o} ; 

and the subgroup of principal logarithmic divisors as the image of the logarith- 
mical map div: 

V£f ■■= {div(a) | a G Up} ■ 

Because of ^ Vip is clearly a subgroup of Vip. More ever by the so-called 
extended Gross conjecture, the factorgroup 

Cip ■■= Vlp/Vip 

is a finite 2-group, the 2-group of logarithmic divisor classes. So, under this 
conjecture, Ctp is just the torsion subgroup of the group 

Cip V£p/V£p 
of logarithmic classes (without any asumption of degree) . 

Remark 1. Let F+ be the set of all totally positive elements of F^ {i.e. the 
subgroup F+ {x ^ F'^- \ Xp > for all real p}. For 

Vi+ {di^(a) I a e 7^J ~ Z2 0Z F+} 

the factor group 

Ci^"" := V£p/V£+ (resp. Ci^^" Vip/Vij,) 

is the 2-group of narrow logarithmic divisor classes of the number field F (resp. 
the 2-group of narrow logarithmic divisor classes of degree 0) introduced in |16| 
and computed in [TT]. 
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2.2 Signs and places 

For a field F we denote by F'^, (respectively ^"'^[i]) the cyclotomic Z2-extension 
(resp. the maximal cyclotomic pro-2-extension) of F. 

We adopt the notations and definitions in this section from [T^ . 

Definition 1 {signed places). Let F be a number field. We say that a non- 
complex place p of -F is signed if and only if Fp does not contains the fourth 
root i. These are the places which do not decompose in the extension F[i]/F. 
We say that p is logarithmically signed if and only if the cyclotomic Z2-extension 
Fp does not contain i. These are the places which do not decompose in 

Definition 2 (sets of signed places). By PS, respectively PLS, we denote 
the sets of signed, respectively logarithmically signed, places: 

PS := {p\t^Fp} , 
PLS := {p I t ^ Fp^} . 

A finite place p G PLS is called exceptional. The set of exceptional places is 
denoted by PE. Exceptional places are even (i.e. finite places dividing 2). 

These sets satisfy the following inclusions: 

PC PLS = PEUPRC Pl{2) U Pl{oo) 

where Pl{'2), PZ(oo), PR denote the sets of even, infinite and real places of F, 
respectively. From this the finiteness of PLS is obvious. 

We recall the canonical decomposition Q2 =2^ x (1 + 4Z2) x (— 1} and we 
denote by e the projection from Q2 onto (—1). 

Definition 3 (sign function). For all places p we define a sign function via 

{i for p complex 

sign(x) for p real 

e{Ni,j^^{x)Np-^^(-^) for p\2 
These sign functions satisfy the product formula: 

WxeF" Y[ sg{x) = 1. 

In addition we have: 
Proposition 1. The places p of F satisfy the following properties: 
(i) «/p G PLS then (sgp,Up) is surjective; 

(a) if p & PS\ PLS then sgp( ) ~ (— l)''''^ ^ and Vp is surjective; 
(Hi) if p ^ PS then sgp{F^) = 1 and Vp is surjective. 

Remark 2. The logarithmic valuation Vp is surjective in all three cases. Part 
2 of the preceding result is often used for testing p € PLS. 
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2.3 The group of positive divisor classes 

For the introduction of that group we modify several notations from in 
order to make them suitable for actual computations. 

Since PLS* is finite we can fix the order of the logarithmically signed places, 
say PLS = {pi,-- - ,p™}, with PE = {pi,-- - ,pe} and PR = {pe+i,--' ,Pm}. 
Accordingly we define vectors e = (ei,-- - ,6™) £ {±1}™. 

For each divisor a = X^pePi" "pPi form pairs (a, e) and put 

m 

sg(a,e) := [] (-1^ x[]e. (3) 

pePS\PLS i=l 

Let 'D£f{PE) :— |a G Vip | a = J^p^PE ^pp} be the Z2-submodule of Vtp gen- 
erated by the exceptional dyadic places. And let Vip^ be the factor group 
'D£p/'D£p(PE). Thus the group of positive divisors is the Z2-module: 



{(a,e) e Vi^"" X {±ir| sg(a,e) = l} (4) 



For a G TZp := 1i ®i , let div'(a) denotes the image of div(a) in Vip^ and 
sg(a) the vector of signs (sgp^(a), . . . ,sgp^(a)) in {±1}™. Then 

VeP"' := {(di^'(a),sg(a)) £ Vi^^^ x {±1}™ laeTZp} (5) 

is obviously a submodule of 'D£p°'' which is called the principal suhmodule. 
Definition 4 (positive divisor classes). With the notations above: 
(i) The group of positive logarithmic divisor classes is the factor group 



(ii) The subgroup of positive logarithmic divisor classes of degree zero is the 
kernel Cip"" of the degree map deg in C£p°^ : 



Ci^"' {{a,e)+Vir I deg(a) G degiVipiPE))}. 

Remark 3. The group C£p°'^ is infinite whenever the number field F has no ex- 
ceptional places, since in this case deg(C^]J°'') is isomorphic to Z2. The finiteness 
of C£^^ in case PE ^ follows from the so-called generalized Gross conjecture. 

For the computation of Cl^p^ we need to introduce primitive divisors. 

Definition 5. A divisor b of F is called a primitive divisor if deg(b) generates 
the Z2-module deg(X'£j.) = 4[F n Q= : Q]Z2. 

We close this section by presenting a method for exhibiting such a divisor: 

Let qi, - - - , qs be all dyadic primes; and pi, - - - ,ps be a finite set of non- 
dyadic primes which generates the 2-group of 2-ideal-classes C£'p {i.e. the quo- 
tient of the usual 2-class group by the subgroup generated by ideals above 2). 

Then every p G {qi, - - - ,qs,pi, - - - ,p(} with minimal 2-valuation j/2(degp) 
is primitive. 
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2.4 Galois interpretations and applications to fC-theory 

Let F''^ be the locally cyclototomic 2-extension of F {i.e. the maximal abelian 
pro-2-extension of F which is completely split at every place over the cyclotomic 
Z2-extension F'^. Then by £-adic class field theory (c/. [9]), one has the following 
interpretations of the logarithmic class groups: 

Gal(i^'7F) ~ dp and Gal(F'7F=) ~ cip ■ 

Remark 4. Let us assume i ^ F'^. Thus we may list the following special cases: 

(«) In case PLS ~ 0, the group C£p°'^ ~ Z2 © C£p°'^ of positive divisor classes 
has index 2 in the group dp — '^2®C£f of logarithmic classes of arbitrary 
degree; as a consequence its torsion subgroup C£^°* has index 2 in the 
finite group Cip of logarithmic classes of degree yet computed in |3j. 

(m) In case PE = 0, the group C£p°^ ~ Z2 © C£p°^ has index 2 in the group 
Ctp"^^ ~ Z2 Cip'^" of narrow logarithmic classes of arbitrary degree; and 
its torsion subgroup Cip°^ has index 2 in the finite group C£ p'^^ of narrow 
logarithmic classes of degree introduced in [16 and computed in [TT]. 

Definition 6. We adopt the following conventions from [51 [71 [T51 114j : 

(i) F is exceptional whenever one has i ^ F"^ [i.e. [F'^[i] : F'^] = 2); 

(m) F is logarithmically signed whenever one has i ^ i^'*^ {i.e. PLS ^ 0); 

{Hi) F is primitive whenever one at least between the exceptional places does 
not split in (the first step of the cyclotomic Z2-extension) F'^/F. 

The following theorem is a consequence of the results in [3 [S EHl EH E] '■ 

Theorem 1. Let WK2{F) (resp. K^{F) := r]n>iKf {F)) be he the 2-part of 
the wild kernel (resp. the 2-subgroup of infinite height elements) in K2{F). 

{i) In case i G F^'^ (i.e. in case PLS ^9), we have both: 

Tk2WK2{F) = Tk2C£F = rk2a;^^ 
{ii) In case i i F^" but F has no exceptional places (i.e. PE ~%), we have: 

T\i2WK2{F) = rk2C£^"^ 

{Hi) In case PE ^ 0, then we have 

Tk2WK2{F) = rk2C£P°\ 
And in this last situation there are two subcases: 

(a) If F is primitive, i.e. if the set PE of exceptional dyadic places 
contains a primitive place, we have: 

K^{F) = WK2{F) . 

(b) If F is imprimitive and K^{F) = ©JLiZ/2"'Z, we get: 

I. WK2{F) = Z/2"i+iZ©(©f^2^/2"'Z) if vk2{C£l°'') = rk2(a^°'); 
li. Wii:2(i^) =Z/2Z©(©f^iZ/2"'Z) z/ rk2(C€^°') < rk2(C^^°'). 
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3 Computation of positive divisor classes 

We assume in the following that the set PE of exceptional places is not empty. 



3.1 Computation of exceptional units 

Classically the group of logarithmic units is the kernel in TZp oi the logarithmic 
valuations (see [9J): 

= {a; e TIf I Vp : Vp{x) = 0} 

In order to compute positive divisor classes in case PE is not empty, we ought 
to introduce a new group of units: 

Definition 7. We define the group of logarithmic exceptional units as the kernel 
of the non-exceptional logarihtmic valuations: 



£T = eTZp \ yp PE : vp{x) = 0} 



(6) 



We just know that is a subgroup of the 2-group of 2-units £p — Z2® E'p. 
If we assume that there are exactly s places in F containing 2 we have, say: 

E'p — X (ei, • • • , Er+c-l + s) 

For the calculation of 5™ we use the same precision rj as for our 2-adic approx- 
imations used in the course of the calculation of Cip- Then we obtain a system 
of generators of 5™ by computing the nuUspace of the matrix 



B = 



vpA^j) I 



2v 







with r + c— l-|-s + e columns and e rows, where e is the cardinality of PE and 
the precision 77 is determined as explained in [S] . 

We assume that the nuUspace is generated by the columns of the matrix 



C 



B' = 



D 



where C has r + c — 1 + s and D exactly e rows. It suffices to consider C. Each 
column (ni, ■ • ■ , Ur+c-i+sY^ of C corresponds to a unit 

r+c—l + s 
i=l 
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so that we can choose 

r+c— l+s 

-= n 

i=l 

as an approximation for an exceptional unit. This procedure yields k > r + c + e 
exceptional units, say: ei,--- ,ek- By the so-called generalized conjecture of 
Gross we would have exactly r + c + e suc;h units. So we assume in the following 
that the procedure does give k = r + c + e (otherwise we would refute the 
conjecture). Hence, from now on we may assume that we have determined 
exactly r + c + e generators £i, • • • , Er+c+i of £p^, and we write: 

S'^ = (—1) X {Sir'' )£r+c-l+e) 

Definition 8. The kernel of the canonical map TZp Vt^" is the subgroup 
of positive logarithmic units: 

£1°' = {e e £^ I Vp e PLS sg^{e} = +1} 
The subgroup Sp"^ has finite index in the group f ^ of exceptional units. 



3.2 The algorithm for computing C£ 



pos 



We assume PE ^ and that the logarithmic 2-class group Ctp is isomorphic to 
the direct sum 

subject to 1 < ni < • • • < riv Let ttj (1 < « < i^) be fixed representatives of the 
V generating divisor classes. Then any divisor a of Vlp can be written as 



a = ^ aittj + Ab + div(a) 



i=l 



with suitable integers £ Z2, a primitive divisor b, A = and an appro- 

priate element a oiTLp. With each divisor aj we associate a vector 

:= (sg(Oi,l),l,-- - ,1)G{±1}™ , 

where m again denotes the number of divisors in PLS. Clearly, that represen- 
tation then satisfies sg(ai,ei) = 1, hence the element (ai,ej) belongs to Vip"^. 
Setting ei, = (sg(b, 1), 1, • ■ • , 1) as above and writing 

e' := sg(a) x JJ e"* x e x e^ 

i=l 

for abbreviation any element (a, e) of Vip"^ can then be written in the form 
(a,e) = ^ a,a, + Ab + div(a),e' X JJe"* X sg(a) X e^ ) 

\i=l i=l / 

= ^ a,(a„e,) + A(b,et,) + (0,e') + (di^(a),sg(a)) . 



i=l 
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The muhiphcations are carried out coordinatcwisc. The vector e' is therefore 
contained in the Z2-niodule generated by gi € Z™ (1 < i < m) with gi — 
(!,••• , 1), whereas gi has first and i-th coordinate -1, aU other coordinates 1 
for i > 1. 

As a consequence, the set 

{(a„ej) I 1 < J < i^}U{{0,gi) I 2 < i <m}U{(b,e} 

contains a system of generators of C£p°^ ( note that (0, gi) is trivial in C£p"^). 
We still need to expose the relations among those. But the latter are easy to 
characterize. We must have 

u m 

^ aj(a„ej)+^6,(0,g,) + A(b,e,) = mod 

j=l 1=2 
V m 

^ aj(aj,ej) +^6,(0,gj) + A(b,et,) = (div(a), sg(a)) + ^ (dpp, 1) 

j=l i=2 pePB 

with indeterminates aj , 5,; , dp from Z2 . Considering the two components sepa- 
rately, we obtain the conditions 

V 

^ajQj+Ab = ^ dpp mod Vip (7) 

and 

V m 

Let us recall that we have already ordered PLS so that exactly the first e ele- 
ments pi, • ■ • ,pe belong to PE. Then the first one of the conditions above is 
tantamount to 

J2a,a, ^ Y.dp. P»-^0 Pip . 

j=l i=l ^ 6 / 

The divisors 

deg Pi 
deg b 

on the right-hand side can again be expressed by the aj. For 1 < i < e we let 

/ \ : ^ degpi -A 
div(a,) + p, - — -b = c,,a, . 

The calculation of the a;, Cij is described in |15| . 

Consequently, the coefficient vectors (ai,-- - ,a^,A) can be chosen as Z2- 
linear combinations of the rows of the following matrix A G Zj'^^'^^'^'''^^^: 
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A = 



( 2"! 






2"2 



2"- 



V 






dcg(pi) 
dcg(b) 



dcg(Pe) , 

dog(b) / 



Each row (ai, • • • , a,y, A) of A corresponds to a linear combination satisfying 
^ aj-aj+Afa = div(a) mod VlpiPE) . (9) 
Condition ([S]) gives 

" ■ ~ - . ^^^^ 



Obviously, the family (gi)2<i<m is free over F2 implying that the exponents 
hi are uniquely defined. Consequently, if the fc-th coordinate of the product 
sg(a) xflj^j^ e^-^ xe^ is —1 we must have hk — 1, otherwise 6^ = for 2 < A: < to. 
(We note that the product over all coordinates is always 1.) Therefore, we denote 
by 62 j", ■ • ■ , hm.j the exponents of the relation belonging to the j-th column of 
A for j = 1, ■ ■ ■ ,1/ + e. 

Unfortunately, the elements a are only given up to exceptional units. Hence, 
we must additionally consider the signs of the exceptional units of F. For 



Op 



(-1) X (£1, • • • ,e,.+c-l+e) 



we put: 



sg(£j) = lis 



(11) 



(12) 



i=i 



Using the notations of PT|) and (|12p the rows of the following matrix A' G 

,^{y+e+r+c)x{u+m) ggjj^gj-g^^g g^JJ pgJg^^jQj^g fQj. (^aj,ej), (b,et,), (0,gi). 



A' 



o 



&2,1 

^2,1^ + 6 + 1 



bm,l \ 
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3.3 The algorithm for computing Ci^^ 

We assume that PE = {pi, • • • ,pe} ^ is ordered by increasing 2-valuations 
?;2(dcgpi); that the group Cip°^ of positive divisor classes is isomorphic to the 
direct sum 

and that we know a full set of representatives (bj, fj) {1 < i <w) for all classes. 
Then each (b,f) G V£^°' satisfies deg(b) G deg{ViF{PE)) and 

W 

b = Y^bibi mod {VeF{PE)+VeF) ■ 

i=l 

Obviously, we obtain 

w 

= deg(b) = bideg{bi) mod deg{ViF{PE)) . 

i=l 

We reorder the bj if necessary so that 

t;2(deg(bi)) < t;2(deg(bi)) (2 < i < w;) 

is fulfilled. We put 

t : = max(min({t;2(deg(p)) | p G D^f(P-B)}) - W2(deg(bi)), 0) 
= max(t;2(deg(pi)) - W2(deg(bi), 0) 

and 

^ deg(bi) 

Then we get: 

^ = £ - ^efl^^O "^""^ {VlF{PE)+ViF) 

and so 

deg b EE EE ^ 6, X + (5 deg bi mod degVlpiPE). 

From this it is immediate that a full set of representatives of the elements of 
Up"" is given by 



/ _deg(M^^ f.^f-deg(M/<ieg(M\ fo^ 2 

V deg(bi) J 

and 

(ui ._ oth Qt degbi 2S 
Let us denote the class of (c, f) in Cip°'^ by [c, f]. 



<i < w 
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Now we establish a matrix of relations for the generating classes. For this 
we consider relations: 



E 

hence 



i=2 



ucgi^jj; f „ f dog(i,i) 
* ~ J It. \ 1 ' * 1 



deg(bi) 



ai 



= 



A system of generators for all relations can then be computed analogously to 
the previous section. We calculate a basis of the nuUspace of the matrix A!' — 
(p!lj) G Z'"^^^ with first row 

2* deg(b2) deg(b^) ^ _ ^ 

deg(bi)' ' deg(bi) ' 

and in rows i = 2, • • ■ , w all entries are zero except for a"j — 1 and a'l^j^^ — 2™' . 
We note that we are only interested in the first w coordinates of the obtained 
vectors of that nuUspace. 



4 Examples 

The methods described here are implemented in the computer algebra system 
Magma . Many of the fields used in the examples were results of queries to the 
QaoS number field database [Sj section 6] . More extensive tables of examples 
can be found at: 

|http : //www . math . tu-berlin . de/~pauli/K| 

In the tables abelian groups are given as a list of the orders of their cyclic factors. 
[:] denotes the index {K2{Of) ■ WK2{F)) (see equation (6)]); 
dp denotes the discriminant for a number field F; 
dp denotes the class group, P the set of dyadic places; 
Ci'p denotes the 2-part of C£/(P); 
dp denotes the logarithmic classgroup; 
C£p°'' denotes the group of positive divisor classes; 
C£p°'' denotes the group of positive divisor classes of degree 0; 
rk2 denotes the 2-rank of the wild kernel WK2. 



K. Belabas and H. Gangl have developed an algorithm for the computation 
of the tame kernel K2OF [I]- The following table contains the structure of 
K2OF as computed by Belabas and Gangl and the 2-rank of the wild kernel 
WK2 calculated with our methods for some imaginary quadratic fields. We also 
give the structure of the wild kernel if it can be deduced from the structure of 
K2OF and of the rank of the wild kernel computed here or in [15] . 
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4.1 Imaginary Quadratic Fields 



dp 


cep 


K2OF 


[:] 


|P| \PE\ 


c4 








rfca WK2 


-184 


[4] 


[2] 


1 


1 


1 


[ 2 ] 


[1] 


[ 2 ] 


[] 


1 [2] 


-248 


[8] 


[2] 


1 


1 


1 


[ 4 ] 


[2] 


[ 4 ] 


[2,2] 


1 [2] 


-399 


[2,8] 


[2,12] 


2 


2 


2 


[ 2 ] 


[4] 


[ 2 ] 


[2] 


1 [4] 


-632 


[8] 


[2] 


1 


1 


1 


[ 4 ] 


[2] 


[ 4 ] 


[2,2] 


1 [2] 


-759 


[2,12] 


[2,18] 


6 


2 


2 


[ 2 ] 


[2] 


[ 2 ] 


[2] 


1 [6] 


-799 


[16] 


[2,4] 


2 


2 


2 


[ 2 ] 


[2,4] 


[ 2 ] 


[2] 


2 [2,2] 


-959 


[36] 


[2,4] 


2 


2 


2 


[ 4 ] 


[4,8] 


[ 4 ] 


[4] 


1 [4] 



4.2 Real Quadratic Fields 



dp 


ce.F [:] 


1^1 


\PE\ 


C£' 








rk2 


776 


[2] 


4 


1 


1 


[2] 


[] 


[2,2] 


[2] 


2 


904 


[8] 


4 


1 


1 


[4] 


[2] 


[4] 


[2,2] 


1 


29665 


[2,16] 


8 


2 


2 


[2] 


[2] 


[2,2] 


[2,2] 


2 


34689 


[32] 


8 


2 


2 


[] 


[] 


[2] 


[2] 


1 


69064 


[4,8] 


4 


1 


1 


[2,8] 


[8] 


[2,8] 


[8] 


2 


90321 


[2,2,8] 


24 


2 


2 


[2,2] 


[2,4] 


[2,2,2,2] 


[2,2,2,2] 


4 


104584 


[4,8] 


4 


1 


1 


[2,8] 


[2,4] 


[2,8] 


[ 2,2,4 ] 


2 


248584 


[4,8] 


4 


1 


1 


[2,8] 


[2,4] 


[2,2,8] 


[2,2,2,4] 


3 


300040 


[2,2,8] 


4 


1 


1 


[2,8] 


[8] 


[2,8] 


[8] 


2 


374105 


[32] 


8 


2 


2 


[] 


[] 


[2] 


[2] 


1 


171865 


[ 2,32 ] 


8 


2 


2 


[4] 


[4] 


[ 2,2,4 ] 


[ 2,2,4 ] 


3 


285160 


[ 2,32 ] 


4 


1 


1 


[32] 


[32] 


[32] 


[32] 


1 


318097 


[64] 


8 


2 


2 


[] 


[] 


[2,2] 


[2,2] 


2 


469221 


[64] 


12 


1 


1 


[64] 


[64] 


[ 2,64 ] 


[ 2,64 ] 


2 


651784 


[ 2,32 ] 


4 


1 


1 


[2,16] 


[2,8] 


[2,2,16] 
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